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,\bstrllct-Method of initial functions for an a:{ially symmetric state of stress in e1asto-dymtmic
problems h;IS been formulated which giws a complete choice in prescribing the boundary conditions
in terms of either stresses or displacements. or a combination of stresses and displacements. The
general dyn;lmic response of the elastic b\ldy has been derived in the form of a set of transcendental
partial differcntial equations from which the initial functions can be evaluated in tcrms of prescrihcd
hllundary condilions. The method is applied. as an illustr;llion. to the tlexural theory of circular
plate subjected to antisymmctric lateral loads. Numerical c:{amplcs of frce vihrations of circular
plates are given. Thc rcsults arc cl1mparcd with solutions from c1assicalthcllry.

INTRODUCTION

The method of initial functions for static problems has been formulated by Vlasov (1957).
Vlasov and Leontev (1966) and Lure (19(,4). Das and Setlur (1970) extended this method
to plane c1asto-dynamic problems. Later on. this method was also extended to three
dimensional elasto-dynamie problems by Rao and Das (1977). Significant contributions by
Iyengerelal. (1974a.b.1975. 1976). Butler(1971). Butlerand Mcier(1975). Haydl (197Ia.b).
and Haydl and Sherbourne (1976a.b) were made in the areas of solid mechanics and modern
control theory prior to the work by Rao and Das.

In the present work. a method has been developed for the dynamics ofaxially symmetric
elastic bodies. The governing dynamic equations for an axially symmetric state of stress
and the corresponding constitutive relations are expressed in four first order coupled
equations in two displacement and stress components. These equations are taken in the
form ofa Maclaurin series in the spatial coordinate in the direction of the axis of symmetry.
involving functions and their derivatives of stress and displacement on a specified initial
plane which is perpendicul'lr to the axis of symmetry. For an clastic body bounded by two
such parallel planes two of the four functions will generally be known on each of these
bounding planes. Satisfaction of these boundary conditions will result in two transcendental
partial differential equations involving the unknown functions on the initial plane or
alternatively one equation in an auxiliary function. The stresses and displacements at any
layer within the body arc expressed in terms of linear combinations of the initial functions
and their derivatives.

The method developed here is applied to derive. in a manner that is independent of
Kirchhoff's hypothesis. an exact dynamic equation for the axially symmetric oscillations of
a circular plate. For straight-crested waves. the velocities of wave propagation arc computed
for values of wave lengths and the results arc compared with those obtained using classical
plate theory. The fundamental natural frequency for a circular plate with a clamped edge
is also computed using the first upproximate theory and is compared with the corresponding
value using the classical plate theory.
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FORMULATION OF THE PROBLEM

In axially symmetric problems. four initial functions are sufficient to determine the
state of stress and strain in the body. These functions are the displacement components
Uo(r.t) and Wo(r.t) and the stress components u;(r. t) and !;,(r. t) on the plane == 0 as
shown in Fig. t.

The dynamic equations of an axially symmetric body without body forces are:

( I )

The constitutive relations are:

E [ eu cw u]u, = (I - v) ~ + v - + v-
(l+v)(I-2v) or 0= r

E [ cJU Oil' u]
u: = (I +v)(I-2v) v llr +(I-v) 0= +v~

Let

(2)

I aU
u = -- ---G or .

I
w= WG .

(3)

Introducing the symbols in eqns (3) into eqns (I) and (2). rearranging and using matrix
notations. we have:

(4)

x

Fig. I. Conventional sketch of an clastic body.
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(5)

Here. the differential operators. IX, fJ and e, follow the usual rules of algebra.
Let us assume the solutions of eqns (4) in a Maclaurin's series in the =direction:

1
u(r.=.t») 1Uo

)Z(r,=,t) (I fJ z2fJ2 ) Zo= += +2"1+ ...
W(r, z, t) . Wo

T(r, z, t) To

(6)

where Uo = U(r, 0, t) etc., these being the initial unknown functions on the plane z = o.
The higher derivatives of the initial functions in eqns (5) can be successively obtained

by the use of eqns (5). Thus

where

(7)

[C) = (A)[B] =
-I ]2( I - v)

1-2v):2 v 2.. +--a
2(I-v) I-v

[

V, 1-2v e2
(D] = (B][A] = I_v'c+ 2(I-v)

-I 2__ ~2+ __ IX2

I-v I-v

-2(~-~-v) a
2

]

v-2 2 ):2
--IX +..
I-v

(8)

It can be seen from eqns (7) that even powers of fJ operating on U, Z or W, T will
result in expressions U, Z or W, T respectively. The higher even derivatives in the z direction
are obtained by the repeated use of eqns (7) and the higher odd derivatives are obtained
by the use of eqns (4) together with eqns (7).

Grouping even and odd powers of pin eqn (6) and substituting from eqns (4) and (7),
we get

(9)

where I is a 2 x 2 unit matrix.
Using Sylvester's theorem (Gantmacher, (980), we can express the function, F(M), of
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a second order matri:\ JI in the following manner:

J/-i.:1 _ _\I-i·l/.
F(.\/) = F(/'I)+.. F(/-:)

I. I - I. : I. : - I. I
( 10)

where i' l and i.: are the distinct roots of the matrix .\1.
The roots of the matrices C and Dare:

(II)

where

1-21'n= .
2( 1-1')

Applying eqn (10) to the functions of matrices involved in eqns (9), we get:

( 12)

where

( I)
·-2x:+(

--2(2x: _.~:)
n,

-2:x:+~:

2x:(2:x:- ~:)

Suhstituting the proper power of (' and [) from the gcneral cxpressions (12) into eqns
(9). we get:

{"'} i' ,) / . . '{ · 1V L II \ Sln:;'1 Sill:;'. H II
=(COS--'·('+cos--'.-('.) .+.,(" D+ 'D,) s/ . -, I I . -/. - /. J' " I -, • 7'

~ . ~ iI \. I I ; ~ I II

{II'} rII'II} (Sin :-'I sin :;" .) {' (III )
= (cos --, - D +cos -". - D . ) ') + lJ '(' + - C. J\

7' . - / I I - J • - l T" . i' I I ;- : - I Z II
( 14)

when.:

-, - i.,: _q~:
i': - '\/.A ~-~.

The eqns (14) and the expression fur rr" can hc writtcn as

"1
1~/iU L"11 L,,: I.",,;. I.,,,, I."" I.". I.", Fl~f
I.,,, I. '" L.: I."

11'11
=

1-'-'111 I.,,, I." I."
/11

["1/11 L,,, 1.,,_ 1.",
To

( 15)

where
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Fig. :2. Circular plate with an axially symmetric load.

-2:x~+~~ 2:x~
Luu = Lit = c2 cos :y, + :~ cos :'}'~

~ ~

, 2(:x~-~~). _(2:x1_~1) .
L,.... = L.,/:x- = ----.-,- SIO :YI + :' sIn :Y1

. YI';- Y1~'

-I I
L". = L•.,/:x' =~,-- cos :;', +~" cos =y,- .; - .;-

, (2:x~ -~') . -2(:x~ -Q() .
L,. = Lo."/'X- =----~-,-- Sill :YI +.---------.-,;,--- SIO =Y,

. '}'I';- Y,';-

2:x' -2:x'+~'
L." = L .. = .' cos:y J +. --"~,'- cos :y,-. .;' .;' .

a'. _:x2+Q~2 .
Lo.: = ~, SIO =YI + ., SIO :Y2

II';' Y2~'

( 16)

El./uation (15), together with the operators (16), represents in terms of four initial
functions Uo, Wo, 2/1, To, the complete expressions for the response of an elastic solid in
an axially symmetric state. On any pl'lne : = 0, any two of these initial functions will be
known and the remaining two initi.t1 functions have to be solved by using the conditions
on any other: = constant plane.

T~is method is useful in solving a variety of problems in solid mechanics dealing with
phltes, layered medium, etc. In this paper, the method is illustrated by solving some problems
using plate theory.

APPLICATION OF METHOD

Consider an clastic body bounded by two parallel planes and subjected to axially
symmetric loads. These loads are antisymmetric on the bounding planes as shown in
Fig. 2.
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If we take == 0 as the reference plane, Vo = 2 0 = 0 on this plane because of anti
symmetric loading. On the planes == +h, Z = +P(r, t) and T = O. Deleting the terms ["I)

and 2 0 in egn (15) and satisfying the boundary conditions on plane == h or == - h. we
obtain

L:M(h) Wo+ L:t(h) To = P(r,t)

LrM(h) Wo+ L(((h) To = O.

Introducing an auxiliary function F(r, t) such that

Lrw(h) . F = - To

L(((h)' F = Woo

( 17)

(I ~)

It can be observed that the second of egns (17) is automatically satisfied and the first of
(15) yields

[L:M(h)L(((h) - L:r(lI)L,w(h»)' F = P(r, I).

By using the operators (16), egn (19) reduces to

( 19)

(20)

Operating L(((lI) on egn (19), we can obtain eqn (20) in terms of the modi lied transverse
dd1cction of the middle surface Wo.

ELI uation (20) is the exact transcendental partial differential eLI uation governing the
llexural vibrations of a circular plate with axially symmetric loading. This equation has
been derived independent of Kirchhoff's hypothesis.

Expanding the trigonometric serics in eqn (20) and including tcrms up to h I, we obtain
the following familiar form:

{
h2 (I D D) h

2
p D2

}= 1--(2+0) --r- --.----, P(r,t).
2 r or or 2 G c7r

(21 )

It can bc seen from cLln (21) that the shear deformation and rotary inertial effects arc
included.

Particular solutions can be obtained. Let us assume that thc solution of eqn (20)
(without the load terms in the form of plane radially traveling wave) is

wo(r, t) = cos 27t/;.(r - ct) (22)

where ;. is the wave length and c is the velocity of wave propagation. Substituting egn (22)
into eqn (20) we get:
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/ 0.927_-..-.-..-._-_.-..-..=__=__=_=__=__=._::.=._-=-::l;O. 90
... ---

_____ exact eq. (23)

----.- first approx. eq. (21)

1.6 1.81.2 1.40.6 0.8 1.00.40.2

~_-'-_--L__..L-_"""'_--''--_~_--'-__''--_-'-_.-.J~

2.0

Fig. 3. Variation of ele, with 21r/)..

nhJ ('2tanh. I -Q,
I. c.;

nhJ ("2
tanh. I - ,

I. (";

(23)

The limiting eqn or (2J) as hi;. -- 'f. is;

J( -- ._~)---(--- ') ( ')'C' C' C' •
4 1-, I-Q- = 2-- .

c; c; c}
(24)

Equation (24) is similar to the Rayleigh surface wave equation and gives the lowest
value or c/e, = 0.927 for I' = 0.3. The lowest values of cfc, for various valucs of hf;. arc
plotted in Fig. 3 for I' = 0.3 and given in Tablc I.

Let us consider axially symmetric Ikxural oscillations of a circular platc with radius a.
By c1assiealtheory. the natural frequcncics wan: related to the eigenvalues ( as follows;

Table 1

ele,

Ex;..:1 elln (23) First approx. eqn (21)

n.:!
OA
0.6
O.ll
1.0
1.2
IA
1.6
I.ll
2.0

1000

0.497
0.718
O.lllJ
0.860
0.8ll6
0.901
0.911
0.917
0.92
0.923
0.927

0.4116
0.691
0.779
0.822
0.847
0.861
0.871
0.877
0.882
0.885
0.90



first approx.

.'

"
classical

.'

ill'

"',
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2.0

1.8

f
1.6

1.4

1.2 I
1.0 ~

0.8

0.6

0.4

0.350.30.250.20.150.10.05

""-__-'-__--'-__-'-__-'-__-'-__--""__---'__-' hi a

o 4

Fig. --l. Variation of (II, ie', for vari1.'lIs of II {/.

(25)

Using eqn (21 I, without external loads, we have:

For \' = 0.:1 and a plate with damped ends, various values of (I)t/l", arc computed for
values or It/a and arc plotted in Fig. 4 and given in Table 2.

It can be observed that the fundamental natural frequency obtained by using the
dassical theory is larger than that obtained by usc of the lirst approximation theory since
Kin:hholr's assumption used in deriving the dassical theory makes the plate stiller.

CONCLUSION

The method of initial functions has been developed for an axially symmetric state of
stress in an clastic body. Knowing the stresses and displacements on a gi\en plane in the
body, the state of stress and Jisplacement can he found at any point in the hody by using
this method. As an application, rigorous dynamic eljuations are ohtained fl)r the llexural

Taol.: 2

uo·c,

iI'<I First apprll~.

0.05 O.2-16X
0.10 0.-167-1
0.15 0.7125
0.20 0.'121.1
0.25 I IIO'l
IUO 1.2XIl'l
0.35 1.-1.12-1
11.-1 1.566(,

0.2-1XI
O.-19rJ I
Oi-l-l2
0')<)23
12-10-1
I-ISS-I
1.7365
t .9S-I6
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vibrations of a circular plate and these are in the form of transcendental partial differential
equations. Simplified equations of any desired order may be obtained from these equations.
l\umerical values for fundamental natural frequency of a circular plate with clamped
edge are computed by using first approximation theory and compared with similar values
computed by using classical theory.
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